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Modified gravity without new degrees of freedom
Laurent Freidel∗
Perimeter Institute for Theoretical Physics,
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We show that the new type of “non-metric” gravity theories introduced indepen-
dently by Bengtsson and Krasnov can in fact be reexpressed explicitely as a metrical
theory coupled to an auxiliary field. We unravel why such theories possess only
one propagating graviton by looking at the quadratic perturbation around a fixed
solution. And we give a general construction principle with a new class of example
of such modified gravity theories still possessing only two propagating degrees of
freedom.
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2I. INTRODUCTION
The Plebanski formulation of general relativity is a very elegant reformula-
tion of the Einstein action and Einstein equations for 4d gravity in terms of self
dual component of the frame field and the corresponding self dual curvature
[1]. In this formulation one starts from an SU(2) BF theory
SBF =
∫
Bi ∧ F jk(A)ǫijk (1)
where Aij is a SU(2) connection and B
i an SU(2) valued 2-form field. In
order to obtain the theory of gravity one just impose an additional “simplicity
constraints” [2, 3, 4]
Bi ∧ Bj ∼ δij (2)
which in turns implies that F is the self dual part of the Riemann tensor
associated with a metric reconstructed from the B field. This formulation
has many spin-offs which are potentially essential for our understanding of
quantum gravity. First, the hamiltonian analysis of such an action naturally
leads to the formulation of the canonical theory in terms of the Ashtekar
variables [5]. Moreover, this Plebanski formulation of gravity as a constraint
BF theory opens the way toward a “spin foam” quantisation of gravity. See
[6, 7] for a recent implementation of this program in the context of the SO(4)
extension of Plebanski formulation [8, 9].
In a recent series of works K. Krasnov proposed to study an infinite class of
theories which are natural deformation of the self dual Plebanski formulation
of gravity [10, 11]. This class of theories is obtained by relaxing the simplicity
constraints (2), as we will see more precisely in section IV. They are related
to a class of theories studied earlier by I. Bengtsson [12, 13, 14]. What is
remarkable is the fact that this proposal leads to modification of general rel-
ativity which however still contains only two degrees of freedom. This has
been demonstrated in an Hamiltonian analysis [15, 16]. When the simplicity
constraints are relaxed there seems to be no preferred metrical interpretation
of the theory and for this reason this type of theories have been dubbed “non
metric gravity”.
What we show here is that these theories can in fact be understood as
usual metrical theories. This is achieved in section III where we reformulate
explicitely the SU(2) BF theory in terms of a gravity theory coupled to an
auxiliary 3-dimensional matrix field of unit determinant. We see in section IV
3that the modified theories of Bengtsson-Krasnov just amount in this language
to chose an arbitrary potential for the auxiliary field. If one integrate out the
matrix field they can be recast as a purely metrical theory which possess a
non local action. From this perspective it is even more surprising that such
complicated metrical theories have only two degrees of freedom. In order
to understand what is happening we study the small metric fluctuation and
shows in section V that after a non local field redefinition one field behave
as a graviton while the other has purely algebraic equation of motion and is
therefore not propagating. This gives us a general principle allowing us to
construct metrical theories which are modification of Einstein gravity but still
carry only two degrees of freedom. This principle extends the analysis of [17]
where a similar mechanism was studied in the context of a scalar (dilatonic)
auxiliary field.
Our work overlapp with [18] which appeared during the completion of our
project and reached some conclusions similar to ours, althought without giving
the details of the effective action.
II. URTBANKE METRIC AND ON-SHELL CONNECTION
We start from an SU(2) BF theory
S =
∫
Bi ∧ F (A)jkǫijk (3)
where Aij is a SU(2) connection and B
i an SU(2) valued 2-form field. This
action is quadratic in A. We can therefore integrate the connection field. The
corresponding equation of motion is given by
ǫαβγδ∇AαBiβγ = 0. (4)
This equation can be solved explicitely [19, 20, 21] and we will give a descrip-
tion of the solution in the next section. But before doing so we need to find a
new parametrisation of the field Bi. The main result we need is the fact known
since Urbantke that an SU(2) valued 2-form determines uniquely a metric.
More precisely, given an SU(2) valued two form field Biµν we can define
from it a 4-dimensional metric gµν and a 3-dimensional unimodular symmetric
matrix hij . Let us start by consider a densitized version of g, h denoted g˜, h˜
and which are given by
g˜µν ≡ 1
6
BiµαB
j
βγB
k
δνǫijkǫ
αβγδ, (5)
4h˜ij ≡ 1
8
BiαβB
j
γδǫ
αβγδ. (6)
Bi contains 3× 6 = 18 components, the data hij , gµν contains 9 + 10 = 18+ 1
components. This suggests that we can parametrize uniquely the B-field in
terms of these data modulo one relation between g˜ and h˜. As we will see this
is indeed the case if g˜µν hence h˜
ij are non degenerate. In order to see this, it
is convenient to denote
B˜iµν ≡ 1
2
ǫµνρσBiρσ, (7)
and to use the notation where B and B˜ are treated as 4 by 4 matrices, with
this notation we have
g˜ =
1
6
ǫijkB
iB˜jBk, h˜ij =
1
4
tr(BiB˜j). (8)
We have the following
Theorem gµν is a symmetric matrix which is invertible if and only if h˜ is
invertible, moreover
det(g˜) = det(h˜)2. (9)
When h˜ is invertible then Bi is a two form which is self-dual (resp. anti
self-dual) with respect to g˜ if det(h˜) < 0 (resp. if det(h˜) > 0) , that is
(g˜B˜ig˜)µν = ǫ
√
g˜Biµν (10)
where ǫ = −sign(det(h˜)). Moreover g˜ is of Euclidean signature if h˜ is of
Euclidean signature or of Kleinian signature if h˜ is of Lorentzian signature.
Note that since h˜ and g˜ contains one ǫ tensor in their definition they do not
transform as tensors but a densities. It is therefore convenient to introduce
the tensor gµν and scalar hij as follows
g˜µν ≡ √ggµν , h˜ij ≡ −ǫ√ghij . (11)
The constraint (9) imply that hij is unimodular, det(h) = 1.
The Urbantke metric (5) can be either Euclidean or Kleinian, so overall
this leads to eight different sectors which labels: the different signature of g,
wether B is self or antiself dual with respect to this metric and the overall sign
of B → −B.
5A. Proof
This theorem first appeared in [22]. We give here a algebraically simple
proof of it. First lets recall that B and B˜ are treated as 4 by 4 matrices. Since
B, B˜ are skew symmetric they satisfy the following key property
BiB˜j + BjB˜i = B˜jBi + B˜iBj = 2h˜ij1. (12)
This is easily checked once one notice that the definition of h˜ij involve a total
antisymmetrisation over the 4 indices of a product of Bs. Thanks to the
antisymmetry of B this can be written as a sum over two terms involving only
an antisymmetrisation over 3 indices. Using this property it is direct to check
that
BiB˜jBk − BkB˜jBi = 2ǫijkg˜. (13)
One first verify that due to (12), the LHS is totally antisymmetric in i, j, k the
proportionality factor being determined by the definition (8).
We now assume that h˜ is invertible and denotes h˜ij its inverse and defines
B˜i ≡ h˜ijB˜j. One first establish from (12) that
B˜iB
i = 31 = BiB˜i, B˜jB
iB˜j = −Bi, (14)
where repeated index are summed over. Multiplying (13) on the left with B˜j
we obtain, after a summation over j and using (14), that
B˜jBk − B˜kBj = 2ǫijkB˜ig˜ (15)
We can exchange the role of B with B˜ and denote
˜˜g ≡ 1
6
ǫijkB˜
iBjB˜k = det(h˜)
1
6
ǫijkB˜iBjB˜k. (16)
By the same token we obtain identities similar to (15)
B˜jBk − B˜kBj = 2ǫijk ˜˜gBi, (17)
hence
B˜iBj = h˜ij + ǫijkB˜kg˜, and B˜ig˜ = ˜˜gBi. (18)
We will also use the transpose of the first identity which reads BiB˜j = h˜ij +
ǫijkg˜B˜k. From this we we can eventually check by a direct computation that
g˜ ˜˜g =
1
4
det(h˜)(B1B˜2B3 − B3B˜2B1)(B˜1B2B˜3 − B˜3B2B˜1) (19)
= −det(h˜)1 (20)
6It is easier to first assume that h˜ is diagonal to directly show this property
(since in this case B˜1B2B˜3 = −B˜3B2B˜1, B3B˜3 = 1) and then that the equality
is independent under conjugation of h˜.
Therefore, one sees that g˜ is invertible if and only if h˜ is invertible and that
we have the self duality relation
g˜B˜ig˜ = −det(h˜)Bi. (21)
Applying this self duality relation twice we obtain the identity
det(g˜) = det(h˜)2.
There are different discrete sectors which are related to each other either by a
change of sign of B → −B in which case g˜ → −g˜ and h˜ → h˜ or by a change
of orientation ǫµνρσ → −ǫµνρσ in which case g˜ → −g˜ and h˜→ −h˜.
It will be convenient to introduce the frame field eAµ associated with the
metric g
gµν = ηABe
A
µ e
B
ν . (22)
where ηAB is a diagonal metric, whose eigenvalue are ±1 and which is either
Euclidian or Kleinian (of signature (− − ++)), since det(g) > 0. The frame
field orientation is chosen such that det(e) =
√
g. Modulo the discrete de-
generacy B → −B described above we can always choose to be in the sector
where η00 = +1 and we define the sign of det(h˜) to be −ǫ. The other sectors
are related either by by a change of global sign of ηAB. The identity (21) tells
us that we can expand the B field in terms of self or anti-self dual components
Bi = biaΣ
a
ǫ (e), with Σ
a
ǫµν(e) = σ
a
ǫABe
A
µ e
B
ν (23)
where
σaǫAB = (δ
0
Aδ
a
B − δ0BδaA) + ǫǫ0aA
′B′ηA′AηB′B (24)
σa+ is the ’t hooft symbol which projects onto the space of self dual tensors. A
direct computation shows that
1
4
σaǫABσ˜
bBA
ǫ = −ǫηab,
1
6
ǫabc(σ
a
ǫ σ˜
b
ǫσ
c
ǫ)AB = ǫηAB. (25)
where we have use that in the chosen sector η00 = 1 and η11η22η33 = 1.
This implies that the signature of h is Lorentzian iff the signature of g is
Kleinian as claimed. Moreover from these relation one sees that obtains that
the field b is a three dimension frame frame field for the metric hij and is
unimodular:
h˜ij = −ǫ√g biaηabbjb, det(b) = 1. (26)

7B. Connection
We can now summarise the results of the previous section as follows: A
general SU(2) valued two form Bi can be equivalentely described in terms
of a four dimensional frame field eAµ determining a spacetime metric gµν =
ηABe
A
µ e
B
ν , and a 3 dimensional unimodular (det(b) = 1) “internal” frame field
bia determining a unimodular scalar metric h
ij = biaη
abb
j
b. There are two main
sector in which either ηAB = (η00, ηab) = diag(++++) or (η00, ηab) = diag(++
−−). In each case the Bi field can be uniquely reconstructed from these data
modulo a fourfold discrete ambiguity parametrised by two signs ǫ˜, ǫ = ±1:
Bi = ǫ˜biaΣ
a
ǫ (e). (27)
with Σa
±
(e) ≡ 2 (e0 ∧ ea ± ǫabceb ∧ ec), a basis of self (or anti self) dual bivec-
tors which satisfies
Σaǫ Σ˜
b
ǫ = −
√
g
(
ǫηab + ǫabcηcc¯Σ
c¯
ǫg
−1
)
, gΣ˜aǫg = ǫ
√
gΣaǫ . (28)
In each sector the data ǫ, ǫ˜, eA, ba is uniquely determined by B
i modulo an
SO(4) (resp. SO(2,2)) rotation acting on eA and an induced SO(3) (resp.
SO(2,1)) self dual rotation acting on ba.
The purpose of this section is to give a solution of equation (4). Such a
solution has been provided a long time ago [19, 20] but we will need to give here
an independent derivation of this solution. The advantages of our derivation
is that we can express the connection as a linear sum of a gravitational spin
connection and an additional one form. This decomposition will be essential
for us in order to construct the effective gravitational description of SU(2) BF
theory.
In order to solve (4) one first denote by bai the inverse of the three dimen-
sional internal frame field bia (indices i, j, k denotes SU(2) indices carried by
the B field while indices a, b, c are “internal ” SU(2) indices. And we introduce
the following connection
ωab = b
a
iA
i
jb
j
b + b
a
i db
i
b = (b
−1Ab+ b−1db)ab (29)
This connection is such that
dAB
i = ǫ˜ biadωΣ
a
ǫ (e) = 0. (30)
Thus ω satisfy a condition of zero torsion. If ω was satisfying the additional
metricity condition
0 = dωηab (31)
8then we could easily solve (30) since ω would just be the self dual part of the
spin connection associated with e. More precisely1, given the spin connection
γ solution of deA + γAB ∧ eB = 0 we can define its self-dual (or anti self-dual)
projection.
γaǫ b(e) ≡ σcǫABγAB′ηB
′Bηaa
′
ǫa′bc = σ
c
ǫABγ
ABǫabc. (33)
In our case the connection ω is non metric indeed what ω preserve is not
ηab but
bab ≡ biaηijbjb. (34)
where ηij = diag(+ + +) is the SU(2) metric. Indeed
0 = dAηij = dA(b
a
i babb
b
j) = b
a
i b
b
j(dωbab) = 0. (35)
One has to be careful in our manipulation of indices, since we have two
natural metric on the space of internal indices a, the flat metric ηab preserved
by the spin connection γǫ and the frame metric bab preserved by ω. In the
following we denote by bˆab the inverse of bab and η
ab the inverse of ηab. Unless
explicitely specify we do not use a convention where upper indices are raised
with respect to bab or ηab. The only exception is the epsilon tensor since both
metric are unimodular, we have
ǫabc ≡ ηaa¯ηbb¯ηcc¯ǫabc = baa¯bbb¯bcc¯ǫabc.
Moreover we denote
dω ≡ dxµDµ, dγ ≡ dxµ∇µ. (36)
We want to show that there is a unique solution of the torsion + non metricity
equations (30, 35):
DµΣ˜
aµν = 0, ∂µbab = 2ωµ
c
(abb)c. (37)
where (ab) means symmetrisation.
Suppose that ω = γ+ ρ where γ is the spin connection and ρ is a one form.
The zero torsion condition then reads
ρµ
a
bΣ˜
bµν = 0 (38)
1 Explicitely this gives
γaν b = ηbb¯ǫ
ab¯c
(
∂µ(Σ˜cg)
µ
ν + ǫǫabc∂µΣ˜
aµρΣbρν
)
(32)
9since 0 = dγΣ
a(e) by definition. The symmetric part of ρ is determined by the
non-metricity equation, hence
ρµab ≡ bacρµcb, ρµ(ab) = 1
2
∇µbab, ρµ[ab] ≡ ǫabcρcµ. (39)
The zero torsion equation can then be written as
ρcµǫabcΣ˜
bµν = ρcµΣ˜
µν
ca = −
1
2
∇µbabΣ˜bµν (40)
where we have denoted Σ˜µνca ≡ ǫbcaΣ˜bµν . One multiply both sides of this equa-
tion with (Σc¯Σ˜ag)νµ¯ and use the identity following from (28) and its transpose,
one gets
Σ˜aǫΣ
b
ǫΣ˜
c
ǫg = det(g)
{
ǫǫabc + g−1
(
ηacΣbǫ − 2ηb(aΣc)ǫ
)}
. (41)
Therefore
ρcµ =
ǫ
4
√
g2
∇µ¯bab(Σ˜bǫΣcǫΣ˜aǫg)µ¯µ (42)
= − ǫ
2
(∇µ¯bab)(g−1[Σ(aǫ ηb)c −
1
2
ηabΣcǫ])
µ¯
µ (43)
=
ǫ
2
[Σ(aǫ η
b)c − 1
2
ηabΣcǫ]µν(∇νbab) (44)
Thus ω = γǫ(e) + ρ with
ρµab =
1
2
(∇µbab) + ǫ
2
ǫcab[Σ
(a¯
ǫ η
b¯)c − 1
2
ηa¯b¯Σcǫ]µν(∇νba¯b¯). (45)
is the unique solution of (30).
III. THE EFFECTIVE BF ACTION
We can now put back into the BF action the solution we just found. In
order to do so and in order to avoid a notational cluttering we chose to work
for the rest of the paper in the self dual sector where ǫ = +1 and ǫ˜ = +1.
And we denote from now on Σa ≡ Σa+. The other sector can be worked out in
exactly the same way
After integration over the connection A the SU(2) BF action simply be-
comes
SBF =
∫
biaΣ
a(e)F jk(bωb−1 + dbb−1)ǫijk =
∫
Σa(e) ∧ F bc(ω)biabjbbckǫijk
=
∫
Σa(e) ∧ F bc(ω)ǫabc¯bˆc¯c (46)
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Now since ω = γ(e) + ρ we can expand SBF = S1 + S2 + S3 as a sum of three
terms
S1 =
∫
Σa(e) ∧ F bc(γ(e))ǫabc¯bˆc¯c (47)
=
∫ [
Σa(e) ∧ Fa(γ(e)) ηbcbˆbc − Σa(e) ∧ Fb(γ(e)) ηacbˆcb
]
(48)
= 2
∫ √
gRab(e)[bˆ
ab − ηab ηa¯b¯bˆa¯b¯] (49)
where Fa ≡ 12ǫabcηcc¯F bc¯ and Rab(e) is the self-dual part of the Riemman tensor:
2Fbµν ≡ RbcΣcµν .
The second term is given by
S2 =
∫
ǫabc¯ Σ
a(e) ∧ dγρbcbˆcc¯ =
∫
ǫabc¯Σ
a(e) ∧ ρbc ∧ dγ bˆcc¯ (50)
= −2
∫
ǫabc¯Σ
a(e) ∧ ρbc ∧ ρ(cdbˆc¯)d (51)
where we have integrated by part in the first equality and use the metricity
condition dγ+ρbab = 0 in the second. Finally
S3 =
∫
ǫabc¯ Σ
a(e) ∧ ρbc ∧ ρcd bˆc¯d. (52)
In the rest of the section it is convenient to use a notation where internal
indices of ρ are raised with bˆ, i-e ρab ≡ ρacbˆcb, ρab ≡ bacρcb. Thus
S˜ = S2 + S3 = −
∫
ǫabc¯ Σ
a(e) ∧ ρbc ∧ ρc¯c (53)
= −
∫
ǫabc Σ
a(e) ∧ ρbb¯ ∧ ρcc¯ bb¯c¯ (54)
We can further simplify this expression by expanding ρ in terms of its sym-
metric and skew symmetric parts.
Let us first look at∫
ǫabcΣ
a ∧ ρ[bb¯] ∧ ρcc¯ bb¯c¯ =
∫
ǫabcǫ
b′bb¯Σa ∧ ρb′ ∧ ρcc¯ bb¯c¯ (55)
= −
∫
Σa ∧ ρb ∧ ρba +
∫
Σc ∧ ρc ∧ ρbabab = 0 (56)
11
The first term is equal to zero since our defining equation for ρ is ρab ∧Σb = 0
and the second term is equal to zero also because
ρbabab =
1
2
dγb
abbab =
√
det(b)
−1
dγ
√
det(b) = 0 (57)
since det(b) = 1. Thus
S˜ = S˜1 + S˜2 = −
∫
ǫabcΣ
a ∧ ρ[bb¯] ∧ ρ(cc¯) bb¯c¯ −
∫
ǫabcΣ
a ∧ ρ(bb¯) ∧ ρ(cc¯) bb¯c¯ (58)
=
1
2
∫
ρb ∧ Σa ∧ dγbab − 1
4
∫
ǫabc dγ bˆ
bb¯ ∧ Σa ∧ dγ bˆcc¯ bb¯c¯ (59)
Lets focus on the first term, using the notation of the previous section we can
write it as
S˜1 =
∫
ρbµΣ˜
aµν∇νbba ≡
∫
ρbΣ˜a(∇bab) = −
∫
(∇bab)Σ˜aρb (60)
= −1
2
∫
(∇bab)
[
Σ˜aΣa¯ηbb¯ − 1
2
ηa¯b¯Σ˜aΣb
]
g−1(∇ba¯b¯)
=
1
2
∫
(∇bab)
[√
g(ηa¯aηbb¯ − 1
2
ηabηa¯b¯)g−1 + (ηΣ˜)aa¯ηbb¯
]
(∇ba¯b¯)
(61)
where (ηΣ˜)ab ≡ ǫabc¯ηc¯cΣ˜c
We can similarly evaluate the second term
S˜2 = −1
2
∫
(∇bˆbb¯)ǫabcΣ˜a(∇bˆcc¯)bb¯c¯ (62)
= −1
2
∫
(∇bab)(bΣ˜)aa¯bˆbb¯(∇ba¯b¯). (63)
(64)
with (bΣ)ab ≡ ǫabc¯bc¯cΣc. Therefore overall one gets
S˜ =
1
2
∫
(∇bab)
[√
g(ηaa¯ηbb¯ − 1
2
ηabηa¯b¯)g−1 + ((ηΣ˜)aa¯ηbb¯ − (bΣ˜)aa¯bˆbb¯)
]
(∇ba¯b¯).
(65)
the first term is a kinetic term purely quadratic in bab, the second term is an
interaction term between b and the metric which vanishes when bab = ηab. The
form of the kinetic term for bab shows that this field behave like a minimally
coupled field. Since det(b) = 1 we can express the entire action purely in terms
12
of bab. One also use a notation where indices on b are raised with respect to
the flat metric η, i-e bab ≡ ηaa¯ba¯b, bab ≡ ηaa¯ba¯b¯ηb¯b. Beware that the inverse
metric bˆab 6= bab, it can however be expressed as a quadratic function of b
bˆab = bacbbc − bbab −
1
2
(
bcdb
d
c − b2
)
ηab, b ≡ baa. (66)
The SU(2) BF action can be written as a function of the metric g and scalar
field
SBF (g, b) = 2
∫ √
gRǫab
(
bacbbc − bbab
)
+
√
ggµν
(
∇µbba∇νbab −
1
2
∇µb∇νb
)
+
∫ √
g∇µbab
(
(ηΣ)aa¯µνη
bb¯ − (bΣ)aa¯µν bˆbb¯
)
∇νba¯b¯. (67)
It is now easy to see that when bab = ηab the theory reduces to Einstein
gravity. Indeed the relationship between the self dual curvature tensor given
here and the usual Riemman tensor is
Rµν
αβ(ηΣ˜a)
µν(ηΣb)αβ = 4
√
gRab, R = Rµν
µν = 2Rabη
ab (68)
thus
S(gµν , ηab) = −2
∫ √
gR(g). (69)
IV. MODIFIED GRAVITY
In [10, 11] a general class of gravity theories were obtained by adding to
the BF action a term of the form
Sint =
∫
(Ψij − ηijΛ(Ψ))Bi ∧ Bj (70)
where Ψij is a traceles symmetric 3×3 matrix and Λ is a function of Ψ invariant
under congugation that is it is a function of 2 variables x ≡ 1
2
tr(Ψ2), y ≡
1
3
tr(Ψ3) = det(Ψ) since Ψ satisfy the caracteristic equation Ψ(Ψ2− 1
2
tr(Ψ2)) =
det(Ψ).
This can be written in terms of the metric and h field as
Sint = −4
∫ √
g(Ψij − ηijΛ(Ψ))hij. (71)
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Since the dependence on Ψ is purely algebraic and does not contain derivative
we can be integrated out. The equations of motion read
∂Λ(Ψ)
∂Ψij
= H ij, with H ij ≡ h
ij
tr(h)
− η
ij
3
(72)
H is symmetric traceless. Therefore the action evaluated on-shell leads to a
potential for hij
Sint = −4
∫ √
g V (hij) = 4
∫
V (h˜ij). (73)
where V (h) is an homogeneous function of h of degree one hij ∂V
∂hij
= V which
is invariant under conjugation V (khk−1) = V (h). This is essentially the Leg-
endre transform of Λ, that is
V (h) = tr(h)(H ijΨij − F (Ψ)). (74)
Conversely, if one start from an arbitrary potential V we can define
Λ˜(H) ≡ V (h)
tr(h)
= V
(η
3
+H
)
and reconstruct the function Λ entering (70) as the Legendre transform
Λ(Ψ) = H ijΨij − Λ˜(H). (75)
Note that here we have expressed the potential in terms of h˜ij =
1
4
tr(BiB˜j) =
√
gbiaη
abb
j
b wherehas we have expressed our action in terms of
bab = b
i
aηijb
j
b. The two formulations are related since V is a homogeneous func-
tion of tr(h˜) = −√gtr(h), (tr(h˜)−1)−1 = √gtr(h−1)−1, and |det(h˜)| 13 = √g.
Since det(b) = 1 we can express the potential as an arbitrary function of
babη
ab = tr(h) and bˆabηab = tr(h
−1).
Moreover, as we have seen in the previous section the bab behave as a field of
mass dimension 1 so for dimensional reason the potential term should involve
a mass scale. For instance if one look to a quadratic potential
Λ(Ψ) = Λ +
1
2M2
tr(Ψ2), Λ˜(H) = −Λ + M
2
2
tr(H2). (76)
In the limit M2 → ∞ the potential term forces H = 0 hence hij = ηij or
bab = ηab and we recover the case of usual gravity with a cosmological constant.
14
If one choose an arbitrary potential V (b) one therefore obtain an infinite
family of deformation of classical general relativity. In the original references
these deformation where dubbed “non-metrical”. Our analysis shows however
that such deformation can be given a purely metrical interpretation: Suppose
that we integrate the b field out by solving its equation of motion the theory
that we obtain is an effective theory which depends only on a metric and which
is invariant under diffeomorphism. For a generic potential this effective theory
is not general relativity, it is a theory that contains an arbitrary number of
higher derivative and curvature terms as we will see more precisely in the next
section. This is in general a non local theory of the metric.
From this perspective, what is remarkable is the statement that the theory
still possess only two degree of freedom even when the potential V is arbitrary.
This has been shown in the Hamiltonian context using a canonical analysis
[15, 16] which generalises the original Ashtekar analysis [5]. We would like to
give now an understanding of this essential property purely from a metrical
point of view.
V. PERTURBATION THEORY
In order to understand what are the local degrees of freedom associated
with the theory associated with a a non trivial potential V we look at the
fluctuations around a background solution. We will assume that the potential
V is chosen such that bab = ηab is still a vacuum solution. In order to linearised
the action. we introduce the parameters eAµ = δ
A
µ + e¯
A
µ thus gµν = ηµν+2e(µν) ≡
ηµν + hµν and bab = ηab + b¯ab , bˆ
ab = ηab − b¯ab + · · · where b¯ is traceless and
all indices are raised and lowered with ηab. The only term which is non trivial
to linearise is the first term in (67). Expanding this term in powers of b¯ one
obtains
S1 = 2
∫ √
gRab(b
ab−ηabb) ∼ −2
∫ √
gR(g)+
1
2
∫
Rµν
ρσ(g)(ηΣ˜a)
µν(ηΣb)ρσ b¯
ab
(77)
To developp the perturbation theory we start from the expression of the lin-
earised spin connection
ωABµ δAνδBρ ≡ ωµνρ = ∂µe[νρ] − ∂νe(µρ) + ∂ρe(µν) (78)
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The Einstein action at quadratic order is given by the Pauli-Fierz action
−2 ∫ √gR(g) ∼ SPF (h) where
SPF (h) = −2
∫ (
ωµ
µρωνµρ − ωµνρωνµρ
)
(79)
=
1
2
∫
(∂ρhµν∂
ρhµν − 2(∂h)ρ(∂h)ρ + 2(∂h)ρ∂ρh− ∂ρh∂ρh) , (80)
with (∂h)ρ ≡ ∂µhµρ and h ≡ hµνηµν .
The coupling term is given by
1
2
∫
Rµν
ρσ(g)Σ˜µνa Σbρσ b¯
ab = −
∫
∂µ∂ρhνσσ
µν
a σ
ρσ
b b¯
ab = −
∫
hµν∂
µ
a∂
ν
b b¯
ab (81)
where σµνa is (twice) the t’hooft tensor: σ
µν
a Bµν = 2(B0a+B˜
0a) and ∂µa ≡ σµνa ∂ν .
These derivatives satisfy the identity
∂µ∂
µ
a = 0, ∂
µ
a ηµν∂
ν
b = −δab, (82)
and the tensor
bµν ≡ 1

∂µa ∂
ν
b b¯
ab (83)
is tranverse and traceless
∂µb
µν = 0, ηµνb
µν = −δabb¯ab = 0. (84)
Therefore if one define the tensor
hˆµν = hµν + bµν (85)
we can give a canonical form to the quadratic action
S1 = SPF (hˆ) +
1
2
b¯abb¯ab. (86)
The key point is that the quadratic kinetic term in b¯ is exactly cancelled by
the contribution from the quadratic expansion of (65). This means that the
field b¯ is non dynamical since the total ‘modified gravity’ action is given at
quadratic level by
S = SPF (h)− hµνbµν + 1
2
∂µb¯
ab∂µb¯ab − M
2
2
b¯abb¯ab (87)
= SPF (hˆ)− M
2
2
b¯abb¯ab. (88)
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There are several remarks in order: The first one is that the ‘modified’
theory can be written as a usual gravity theory (at least at quadratic level)
using the redefinition of the spin 2 field h → hˆ. In this version the field b¯
enters purely algebraically and can be integrated out. So the modification of
gravity that is obtained in pure gravity is a mere field redefinition.
When one couple the theory to matter fields this field redefinition becomes
relevant since the theory obtained by adding the coupling hµνT
µν differs from
the theory obtained by adding the coupling hˆµνT
µν . If the coupling of matter
is obtained via h as then the theory is indeed modified but what is modified
is not really gravity by itself but the way matter couple to gravity.
The second remark concerns the fact that if matter coupling is via h we can
integrate out the b field since we are working in the quadratic approximation.
This integration modify the gravity kinetic term, we obtain a non local effective
action which differs from the Pauli-Fierz form. The transverse traceless mode
acquire a kinetic term of the form
hTTµν

1 + 
M2
hTT
µν
. (89)
The modification due to the presence of a non trivial potential term is im-
portant only for ultraviolet modes p2 α. The propagator is given by 1
p2
+ 1
M2
and the modification is rendering the ultraviolet problem even worse. We can
see that at this quadratic level the modification amounts to add on top of the
usual newtonian potential a contact term V (x) ∼ 1
α
δ4(x).
The third remark concerns the fact that the cancellation of the kinetic
term for the b field is in agreement with the claim made in [15, 16] that
the modified gravity theory contains as many degrees of freedom as usual
gravity. the non metric fields b are indeed non propagating at least at the
quadratic level. This can be understood from the fact that the action (67)
without the Potential term is just SU(2) BF theory. This theory possess an
extra topological symmetry labelled by an SU(2) valued one form field φjµ,
δBiµν = D[µΦ
i
ν]. Four components of φ
j
µ can be identify with diffeomorphisms,
this left us with 3 × 4 − 4 = 8 gauge symmetries. This is a priori enough to
get rid of the 8 components of bab.
VI. GENERALISATION
Finally, it is interesting to note here that the mechanism at work, which
allows to deform gravity while keeping the same number of degree of freedom
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can in fact be generalised. What we need is to introduce a new field which
couple to the metric in a covariant way while substracting a kinetic term for
this new field which insure that this field is in fact not propagating, and leads
to purely algebraic equations of motion for this field. Such a mechanism in the
context where the additional scalar field is a scalar has already been proposed
and studied in [17]. Here we illustrate this general procedure in the case the
additional field is a spin 2 field πµν . Lets consider the following Lagrangian
S1(g, π) =
∫ √
gGµν(g
µν + πµν) (90)
where Gµν = Rµν− gµν2 R is the Einstein tensor. Such lagrangian where studied
in [23] in the context of massive gravity and describe a coupling of a spin two
massless field to gravity. The variation with respect to g is given by
δgµν
(
Gµν − 1
2
(
πµν + gµν∇α∇βπαβ −∇α∇µπαν −∇α∇νπαµ + gµνπ −∇µ∇νπ +Rπµν
))
We need to choose a kinetic term for the spin two field, and we take a covariant
version of the Pauli-Fierz Lagrangian
S2 =
∫ √
g
1
4
(−∇µπ∇µπ +∇µπνα∇µπνα + 2∇απαν∇νπ − 2∇µπνα∇απµν)
(91)
If one add to this action a potential term
S3 =
∫ √
gV (πµνπ
µν , π2) (92)
which has a minimum around πµν = 0.
Then one can check that if one look around the quadratic fluctuation around
a solution of Einstein equation gµν = g¯µν + hµν the action possesses only one
propagating graviton. In fact, we can redefine the fluctuation field hˆµν ≡
hµν + πµν such that the total action is the Pauli-Fierz action for hˆ plus a
purely algebraic action for πµν . Therefore, as in the previous case, the field
π is not propagating, and the theory possesses only two propagating degree
of freedom, despite the fact that after integration of the field π this is a non
local action for the metric g. This property comes from the fact that we
have precisely tuned the parameter in front of the Pauli-Fierz action. In the
previous case this tuning was protected by the extra topological BF symmetry.
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